MODAL LOGIC NOTES

GEOFFREY HALL

These are some notes on propositional modal logic that are partially based on a seminar
given at the University of Notre Dame by Tim Bays in Spring. In turn this seminar was
partially based on the textbook First Steps in Modal Logic by Sally Popkorn, a pseudonym
of the late mathematician Harrold Simmons. I plan on expanding on them soon. Nothing

new here. Mistakes are my own.

1. REVIEW OF PROPOSITIONAL LOGIC

1.1. Propositional Languages.

Definition 1.1. Let ® be a countable set of propositional variables. The set of propositional
formulas, F'(®), is the smallest set such that:
(i) ® C F(®);
(ii) L, T € F(P);
(iti) —p € F(®) if p € F(D);
() (p AN) € F(®) if p € F(P) and ¢ € F(P).

We will use the following abbreviations:

(1) (e V) = =(-p A=)
(2) (¢ =) =—p Ve
B) (¢ ¢)=(p=>V)A [ =)

The restriction to a countable set of propositional variables ensures that F'(®) is itself a
countable set. The restriction is perhaps a bit arbitrary but it simplifies slightly some of the
proofs given below.

From here on out we'll fix a set of formulas F'(®). By ‘formula’ we simply mean and

element of F'(®) and by a propositional variable we mean an element of ®.
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Definition 1.2. The set of atomic formulas is ® U {L, T}.
1.2. Valuations.

Definition 1.3. A valuation is a map v: ® — 2 (where 2 = {0,1}).

Any valuation v : ® — 2 uniquely extends to a map
vt (D) — 2

with the property that
e v*(p) =v(p) forp € P;
e v (L)=0and v*(T)=1;
e v*(p AY) = min(v*(p),v"(¢))

Definition 1.4. We say that a valuation v satisfies a formula @, written v F ¢, if v*(¢) = 1.

We say that v satisfies a set I' of formulas if v E ¢ for each p € T'.

Proposition 1.5. Let v be a valuation. Then
(i) v E pif and only if v(p) =1, for p € ®;
(i) vET and v L;
(i1i) v E = if and only if v & p;
(iv) vE (p A) if and only if v E ¢ and v E 1;
(v) vE (V) if and only if v E ¢ or v E 1,
(vi) v E (p — ) if and only if v ¢ orvE ;

Definition 1.6. Let I" be a set of formulas and ¢ and formula. We say that T" entails ¢, or

that ¢ 1s a consequence of I', T' E o, if for every valuation v, v E T only if v E ¢.

Definition 1.7. A formula ¢ is called a tautology if 0 E ¢ (i.e., v*(p) = 1 for every

valuation v ).



1.3. Compactness.
Definition 1.8. A set of formulas I" is satisfiable if v E I' for some valuation v.

Definition 1.9. A set of formulas T' is finitely satisfiable if every finite subset of T is

satisfiable.
Remark 1.10. Note that if I' is satisfiable, then it is also finitely satisfiable.

Definition 1.11. A set of formulas I' is maximally finitely satisfiable if
(1) T is finitely satisfiable, and

(2) for every o, either p € T or —p € T.

Lemma 1.12. Let I be finitely satisfiable and let ¢ be a formula. Then either
(1) T U{p} is finitely satisfiable, or
(2) T U{=p} is finitely satisfiable.

Proof. Suppose not. Then since I' U {} is not finitely satisfiable there is a finite subset X
of I such that X U {¢} is not satisfiable. Similarly, since I' U {—¢} is not finitely satisfiable,
there is a finite subset of Y of I' such that Y U {—¢} is not satisfiable. Now note that since
X and Y are both finite subsets of I', their union X UY is also a finite subset of I'. And
so since I is finitely satisfiable, there is some valuation v such that v E X UY. Now since
v FE =g if and only if v ¥ ¢, we have that either v FE ¢ or v F —p. But if v F ¢, then
v E X U {p}, contradicting the fact that X U {¢} is not satisfiable. And if v F =y, then
v E Y U{—¢}, contradicting the fact that Y U {—} is not finitely satisfiable. Either way we

get a contradiction and so the lemma is proved. 0

Lemma 1.13. Let T' be finitely satisfiable. Then there exists I such that
(1) T CT', and

(2) T is maximally finitely satisfiable.



Proof. Let @1, s, ... be alist of all of the formulas of our language (note that there is such

a list because we assumed that ® was countable!). We define a sequence of sets of formulas

F07 Fl, PN by
[hy=T
[y, U {pny1} if finitely satisfiable
Fn—s—l =
[,y U {—¢n41 }otherwise
Let I' = .., I'n. Clearly I' € I". We claim that I" is also maximally finitely satisfiable.

To see this let X be a finite subset of I['. Then by construction there is some n such that
X is a finite subset of I',. Now by the previous lemma and the construction of I',,, we know
that I",, is finitely satisfiable. Hence X is satisfiable. Thus I" is finitely satisfiable. Finally,
to show that it is maximal note that for any formula ¢, there is some n such that ¢ = .

Then ¢, € T, or =, € I',,. Hence I is maximally finitely satisfiable. [
Lemma 1.14. Let I' be maximally finitely satisfiable. Then I is satisfiable.

Proof. Let v be the valuation such that v(p) = 1 if and only if p € T. We show by induction
that v E ¢ if and only if ¢ € T.

If p is a propositional variable we have

vED <= v(p) =1
<~ pel

Since I' is maximally finitely satisfiable, 1. ¢ I"and T € T.

Now suppose that ¢ has the desired property. Then
vE-p <= vl

— p¢gl

— —pel



The first equivalence follows by definition, the second by induction, and the third by the
fact that I' is maximally finitely satisfiable. Now suppose that ¢ and 1 have the desired
property. Then
vVE(pAY) <= vEpandvFE Y
<— pelandy el
— (pAy) el

The first equivalence follows by definition, the second by the induction hypothesis, and

the last by the fact that I' is maximally finitely satisfiable. O
Theorem 1.15 (Compactness). If T is finitely satisfiable then T is satisfiable.

Proof. Let T’ be finitely satisfiable. Then by a lemma there exists I'” such that I' C I and
['" is maximally finitely satisfiable. By our last lemma I" is satisfiable. Hence I" is satisfiable

(by the same valuation). O

2. MobAL LoGic

2.1. The modal language.

Definition 2.1. Let ® be a countable collection of propositional variables and I an index

set. The set M(®,I) of modal formulas indexed by I is the smallest set such that

®C F(P,1)

1, T e F(®,1)

—p € F(®,1) if p € F(®, )
(o AY) € F(Q,1) if o4 € F(P, 1)
Oip € F(O,1) if o e F(®,1) andi € 1.

More often than not we will be focused on modal languages with a single modal operator.

When we do so we will simply write [J without any subscript. Throughout we will take {;¢

as an abbreviation for =[J;—.



Note that since the modal formulas are defined by induction, we can still give proofs by
induction. But we have to add one further clause: namely that if ¢ has a certain property

X, so does U;p, for each i € 1.

2.2. Frames, valuations, and satisfaction. In what follows we will suppose that some

set of modal formulas is given with modal operators indexed by the set [.

Definition 2.2. Let I be an index set. An I-frame is a pair (W, R) such that W is a

non-empty set and R : I — P(W x W) is a function from I to binary relations R(i) on W.

We will write R(i) as R; for readability. When [ is a singleton we simply write R for R;

where 7 is the unique element of I.

Definition 2.3. An I- model is a triple (W, R, V') such that (W, R) is an I-frame and and
V:® — P(W) is a map from propositional variables to subsets of W. We call the map V
a valuation. Given a model M = (W, R, V'), we say that M is based on on (W, R), or that
(W, R) is the frame underlying M

In what follows we will often speak simply of “frames” and “models” leaving reference to

the index set implicit when no confusion will arise.

Definition 2.4. Let w be a world in the model M = (W, RV'). Then we inductively define
the notion of a formula ¢ being satisfied (or true) in M at world w as follows:

(1) M,wlF p if and only if w € V(p), where p € ®

(2) M,wl-T

(3) M,w I+ = if and only if M,w lf ¢

(4) M,w Ik (o A1) if and only if M,w I+ ¢ and M,w Ik,

(5) M vl O if and only if for all v € W with Rywv we have M, v Ik .

We say that a set of formulas I" is true at w in model M if M,w I+ ¢ for each ¢ € T'.

It follows by omission that M,w I 1. When no ambiguity arises we will simply write

w Ik ¢ for M, w IF .



Remark 2.5. ['ve written R;wv for (w,v) € R;. There are a couple other notational variants
I'm going to use for this. First, note that binary relations on a set W are in one to one
correspondence with function W — P(W). Thus where R is a binary relation on W, I will
sometimes write R(w) for the set of all v such that Rwv. Hence v € R(w) if and only if
Rwv. Finally, to emphasize the perspective that the worlds of a frame are states and the
accessibility relations representing possible transitions between states, I will sometimes write

R;
w — v for Rywv.

2.3. Structural Characterizations. We can describe some properties of worlds in a model
in terms of which modal formulas are true is that model. Suppose our language contains
a single modal operator [J and consider a model M = (W, R, V). We say that w sees v if
Rwv. We say that w is blind if it doesn’t see any world. Then the following are not hard to

verify

Example 2.6. (1) w - 0OL if and only if w is blind.
(2) w - QT if and only if w is not blind.
(3) w Ik OOL if and only if every world that w sees is blind.

2.4. More Satisfaction Relations.

Definition 2.7. We say that ¢ is true in a model M, written M IF @, if ¢ is true at every
world in M (i.e., M,w - ¢ for allw e W).
A set I' of formulas is true in M if M,wlI-T for all p € T.

Definition 2.8. A formula ¢ is valid on a frame F, written F I+ @, if it is true in every
model (F,V) based on F (i.e., (F,V)IF ¢ for ever valuation V).
A formula ¢ is valid on a class of frames K, written K I ¢ if ¢ is valid on every frame in

K.

Remark 2.9. There is one further notion we could define that will play less of a role in

what follows. Consider a frame F = (W, R). We could then define the notion of a formula



@ being valid at a point w € W, F,w |- ¢, by stating that ¢ is true at w in any model based
on F (i.e., M,w It ¢ for any model M = (W, R;, V). I'm unsure what significance such a
notion has. Perhaps it would be more useful if our interest were in pointed frames: frames

with a distinguished point.
Lemma 2.10. Let F be a frame. Then F I O(p — ) — (Op — Ov)

Proof. Let M = (F,V) be a model and w € W. Suppose that w |- O(¢ — v) and w IF Oe.
Let v € W be such that Rwv. Then since w |- O(p — o), v IF ¢ — 1. And since
w - Oy, v IF ¢. Hence v IF 9. So since v was chosen arbitrarily, w IF Ui. Therefore
wlFO(e = ¢) = (e — Oy). O

Lemma 2.11. Let M be a model. Then M I+ ¢ only if M I Oep.

Proof. Suppose that M IF ¢. Then for each w € W, M w IF ¢. Let w € W and wRv be
arbitrary. Then since M IF ¢, M, v |F ¢. Since v was arbitrary, w |- Op. Since w was
arbitrary M I Oep. O

Corollary 2.12. Let F be a frame. Then F I ¢ only if F IF Q.

Proof. Suppose that F IF ¢. Let V be any valuation. Then (F, V) IF ¢. By our last lemma
(F,V) IFOp. Since V was arbitrary, F |- Q. U

The following lemma will be proved later. And while we will rely on this lemma going
forward, no circularity is induced because the machinery we will use to later prove the lemma
does not rely on any theorems developed in terms of the lemma. The reason to put it off
is that in order to prove we need to diverge from our current trajectory a bit in a way that

would be perhaps a bit distracting.
Lemma 2.13. Suppose that 1 is a substitution instance of ¢. Then F I ¢ only if F I+ 1.

Lemma 2.14. Let ¢ be a propositional tautology. Then for any model M, M I+ .



Proof. Let M = (W, R;,V') be a model. Then for each w € W we define a map v : & — 2
by v,(p) = 1 if and only if w € V(p). By a trivial induction, we have v, F ¢ if and only
if w IF ¢, for any non-modal formula ¢. So since v,, I ¢ for any propositional tautology,
w IF . Since w was chosen arbitrarily we then have that M IF ¢ for any propositional

tautology . O

Corollary 2.15. Let v be a substitution instance of a propositional tautology. Then for any

frame F, we have F IF ¢.

Proof. Suppose that 1 is a substitution instance of a propositional tautology . By our last

lemma, F IF ¢. By an older lemma, it then follows that F IF 1. 0

3. CORRESPONDENCE THEORY

Correspondence theory studies the relationship between structural characterizations of
the accessibility relation and the modal formulas valid on frames. In a sense we’ve already
seen once such result: the modal formula O(¢ — ¥) — (Op — @) is valid on every
frame and so corresponds to the requirement on a accessibility relation R that, for instance,

R(z,y) — R(z,y). This section looks at more interesting results.

3.1. Some elementary correspondence results.

Proposition 3.1. Let F = (W, R) be a frame. Then the following are equivalent.
(1) FIFOp — O0p
(2) FIFOp — O0¢

(3) R is transitive

Proof. Trivially (2) implies (1). (1) implies (2) since Oy — OOy is a substitution instance
of Up — UUp and, by a previous lemma, every substitution instance of a formula valid on
a frame is valid on that frame.

To show that (1) implies (3) suppose that F IF Op — OOp. Let x,y,2z € W be such

that Rry and Ryz. Let V be a valuation that maps p to the set of worlds that x sees (i.e.,



V(p) = {w | Rrw}. Then for all w such that Rrw, w € V(p). Hence z IF Op. Since
F IF Op — OOp it follows that x IF Up — OCp. Thus « IF O0p. Since Rxy it follows that
y IF Op. And since Ryz it follows that z - P. So z € V(P). By the definition of V' it then
follows that Rxz. Hence R is transitive.

To show that (3) implies (1) suppose now that R is transitive. Let M and x € W be
an arbitrary model and point in that model such that x IF OOP. Suppose for reductio that
x If OOp. Thus there is some y with Rzy such that y If Op. Thus there is some z with
Ryz such that z If p. Since R is transtive, Rxz. This contradicts the fact that = IF Cp. So
x IFO0p. So x I+ Op — Olp.

Proposition 3.2. The following are equivalent:
(1) FIFOp — p.
(2) FlIFOp — .
(3) R is reflexive.

Proof. (1) and (2) are equivalent by the same reasoning as above.

To show that (1) implies (3), suppose that F I Op — p. Let w € W be arbitrary and
define a valuation V' so that V(p) = {z | Rwz}. Then w I Op. And so since F I+ Op — p
we have w I p. By the definition of our valuation Rww.

To show that (3) implies (1), suppose that R is reflexive. Let M be an arbitrary model
based on F and let w € W be such that w I+ Op. Since R is reflexive, Rww. So w IF p.

Hence, w I Up — p as desired. 0

Proposition 3.3. The following are equivalent:
(1) FIF p— O0p.
(2) FlF o — O0p.

(8) R is symmetric.

Proof. (1) and (2) are equivalent by the same reasoning as above.

10



To show that (1) implies (3), suppose that F IF p — OOp. Let w and v be arbitrary
worlds such that Rwwv. Define a valuation V' such that V(p) = {w}. Then w IF p. Since
F Ik p — OOp, it then follows that w IF OOp. Since Rwwv, v IF Op. So there exists some x
such that Rvz and z I+ P. By the definition of our valuation, x = w. Thus Rvw and so R
is symmetric.

To show that (3) implies (1) suppose that R is symmetric. Let M be an arbitary model
based on F and w € W such that w IF p. Let v be an arbitrary world with Rwv. Since R is
symmetric, it follows that Rvw. So since w IF p, it follows that v - Op. Since v was chosen

arbitrarily, it follows that w IF OOp. Hence w IF p — OOp. So F IF p — OOp. O

Theorem 3.4 (Confluence). The following are equivalent:
(1) FIF 0,00 — OpOip

(8) F has the confluence property. That is, for any wedge

7N

there exists a d € W such that

N\ A

c

Proof. (1) and (2) are equivalent by the same reasoning as above.
To show that (1) implies (3) suppose that F IF ¢;0;p — O, Oip. Let a, b and ¢ be arbitrary
worlds such that R;ab and Rjpac. Define a valuation V' by v(p) = {z | R;bx}. Then bIF O;p

and so a IF ¢;0,p. By our assumption we have a IF O, O;p. Since Rpac we have ¢ IF Q;p. So
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there exists a d with Rjed such that d I p. Since d I P, by our valuation R;bd. Thus we
have confluence.

To show that (3) implies (1) suppose that F has (,7, k,l) confluence. Let M be an
arbitrary models based on F and a € W such that a IF ¢;00;p. Then there exists a b with
R;ab such that b I- O;p. To show that a IF O, 0;p, let Riyac. Then applying confluence gives
us a d with R;bd and R;cd. Since b I Ogp we have d I p. Then since Rjcd, ¢ = Q;p. Since ¢

was arbitrary, a IF . Op. O

3.2. First-order definability. Note that each frame (W, R) can be viewed as a first-order

structure for a language with signature {R; };c;. This motivates the following definition:

Definition 3.5. A class of frames K elementarily definable if there is a first-order signature

L and L-formula ¢ such that for any L-structure M
MEp <= MecK

Example 3.6. Consider the class of frames K = {(W, R) | R is transitive}. We’ve seen that
Op — UOp s valid in a frame F if and only if F € K. So K is modally definable. But it s
also definable by the first order formula:

VaVy((R(z,y) A R(y, z)) = R(z, 2))
So in particular we have that for any frame (W, R),
(W,R)IFOp — 0O0¢p «<— (W, R) EVaVy((R(z,y) AN R(y, z)) = R(x, 2))

The correspondence results we have looked at thus far are all cases in which a modal
formula defines an elementarily definable class of frames. But there are also examples of

modally definable classes of frames that are not elementarily definable.

3.3. Non-elementarily definable but modally definable classes of frames.
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Definition 3.7. Let F = (W, R) be a frame. For x,y € W, i € I and n € N say that

R

n

r—

if there is a sequence

r = X > . > Ty =Y

Lemma 3.8. Let F be a frame andw € F. Let M be a model such that for anyx € W, z Ik p

if and only if for ally € W, if x EUN y, for some n, then w N y.Then w IF O(0p — p).

Proof. Assume the hypothesis. Now let w L v be arbitrary such that v IF Op. Let y be an
arbitrary world with the property that v RN y. Now if v =y, then w LN y since w Lo,
Otherwise suppose that v # y. Then v N 1 ﬁfly. Since v IF Op, z; IF p. So since
1 RL§ y, it follows, by our valuation, that w LN y. Either way, w N y. Hence v IF p and

so v I Op — p. Since v was arbitrary, w |- O(Op — p). Thus the desired result holds. [
Lemma 3.9. Suppose that F I+ O(Op — p) — Op. Then R is transitive.

Proof. Let a L b L ¢. Define a valuation as in the previous lemma. Then a IF O(Cp — p)
by the above lemma. Since F I O(0Op — p) — Op, a IF Op. So b IF p. By our valuation

R
a — c. O

Definition 3.10. Let F = (W, R) be a frame. We say that R is well-founded, or that F is

a well-founded frame, if there is no infinite sequence
Wy —> W1 —> Wy —> ...

Theorem 3.11. The following are equivalent:
(1) FIFO(p — p) — Op.
(2) FIFOp — ¢) — .

(8) F is a transitive and well-founded frame.

Proof. (1) is equivalent to (2) by substitution and trivial reasoning.
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To show that (1) implies (3), suppose (1) holds. We have transitivity by our previous
lemma. It remains to show well foundedness. For the sake of contradiction suppose that R

is not well founded. Then there exists an infinite sequence

R R R
Wog —> W1, —> Wy —> ...

Define a valuation V' such that V(p) = W\ {w, | n € N}. Note that w; IF —p. So wq IF =Op.
By (1), wo IF =O(Op — p). This implies wy IF O—(Cp — p). So there is some v such that
Rwv with v | Op — p. This implies v IF Op and b I p. So since b I p, b € {w,, | n € N}.
That is, v = w, for some n € N. But since v I Up, and Rvw, 1, it follows that w,,, IF p.
That’s a contradiction. So R must be well-founded.

To show that (3) implies (1) suppose that (3) holds. Let M be an arbitrary model based
on F and w € W an arbitrary world such that w I- O(Cp — p). Let w s . For the sake
of contradiction assume vq IF =Op. Since w I- O(Op — p), vo IF Op — p. So vy IF =Op. So

0

This last example is significant since it shows that modal formulas can define classes of
frames that are not first-order definable. In particular the class of transitive well-founded
frames is not defined by any first-order formula. In the next example we will show that the

class of frames on which the McKinsey formula is valid is also not first-order definable:

McKINSEY FORMULA: Op — OUp.

Example 3.12. Let ' C P(N) be a set of subsets of N that is closed under complements
(i.e. if X € F then N\ X € F). Define a frame F = (W, R) by choosing an arbitrary object
w & N and letting

W={w}UNUNx2)UF

14



and defining R so that
R R N R .
w—n— (n,i) — (n,1)
w2 x £y (n, xx(n))

Here xx : X — 2 is the characteristic function of X and so maps each x to 1 if and only if

reX.
Lemma 3.13. If F' = P(N) then F I OO0p — OUp.

Proof. Let M be a model based on F. We want to show that for each u € W,
ul-O0p — OUp

Start with the pairs (n,) for n € N and i € 2. Since (n, i) sees itself, (n,7) IF OOy only if
(n,i) IF Op. Since (n,i) sees only itself, (n,i) IF Oy only if (n,q) IF Op. And again since
(n,i) sees itself, (n,i) IF Oy only if (n,i) IF O0p. So we have that (n,i) IF OOy only if
(n,i) IF OOp. Thus (n,i) IF O0p — O0p.

Now let v € NU F' and suppose u IF O0¢. Thus for any pair (n,7) such that u B, (n,1),
(n,i) IF Op. Since (n,i) IF Oy if and only Oy, we thus know that every pair (n,7) that u
sees, (n,i) IF Oy. Finally, since we know that u sees some pair, we have that u IF OOp.
Hence u IF OOp — OUp.

It is only left to show that w I OOp — OUp. So suppose that w I+ OOp. Then
for any n € N, n |- Qp. Thus for any n € N, either (n,0) I ¢, or (n,1) I p. Let
X ={n|(n,1)IF ¢}. Since F = P(N) it follows that X € W and w 5 X. Now suppose
that X - (n,i). If n € X, then i = 1. Hence (n,7) IF ¢. If n € X then ¢ = 0. Since n
is not in X, (n,1) If ¢. But as we showed above, every n is such that either (n,1) I ¢, or
(n,0) IF ¢. Hence (n,0) I ¢. So in either case, (n,7) IF ¢. So X IF Op. Since w sees X,
w IF OOp. Thus we’ve shown that w IF OOp — OUp. Since w was the last point to show

this completes the proof. O
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Lemma 3.14. If F # P(N) then F I O0p — OUp.

Proof. Let X C N be such that X ¢ F'. Since F' is closed under complements it follows that

N\ X is also not in F. Define a valuation V' such that
Vip) ={(n,1) |n e X} U{(n,0) |n ¢ X}

We'll first show that w IF OOp. So let x be an arbitrary world that w sees. There are two
cases: © € N or x € F. Suppose first that x € N. Then either (z,1) IF p or (z,0) IF p. So
x Ik Op. Now suppose that € F. Now if there is some n € X N x then x LN (n,1) and
(n,1) € V(p). Hence (n,1) IF p. Hence z I- Op. If there is no n € X Nz then z C N\ X.
Note that since x € F' it follows that z # N\ X and so there is some n € N such that n € z
and n & X. Soz - (n,0) and (n,0) € V(p). So (n,0) IF p. Thus = I+ Op. In either case
x I Op. So since x was chosen arbitrarily, w I- COp.

To complete the proof it thus suffices to show that w I OUp. So let x be arbitrary such
that w sees . There are two cases: x € N and « € F. Suppose first that z € N. Then
since not both of (x,0) and (x, 1) satisfy p, and = sees both of (z,0) and (z,1), it follows
that z If Op. Now suppose that z € F. If there is some n € z \ X then x N (n,1) and,
(n,1) I p. Otherwise z \ X = 0. So z C X. By assumption X ¢ F and x € F, so there
must be some n € X such that n € z. So x N (n,0) and (n,0) I p. In either case x sees
something that does not satisfy p. So x Iff Op. In either case x I Op. Since x was chosen
arbitrarily, w I GUp.

Thus we’ve shown that w Iff O0p — OOp and so if F' # P(N), F If O0p — O0p. O

These two lemmas immediately imply the following theorem.
Theorem 3.15. F I O0p — O0p if and only if F = P(N).

Corollary 3.16. Let K be the class of frames defined by OOp — OUp. Then K is not

elementarily definable
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Proof. Suppose for reductio that K is defined by the first order formula ¢. Let F be the frame
defined above with F' = P(N). By our theorem, F € K and so by asssumption F F ¢. By
the downward Lowenheim-Skolem Theorem there is some countable elementary substructure
F' of F. Since F' is an elementary substructure, its domain must contain w, each n € N
and each pair (n,1) and (n,0). But since it is countable, it cannot contain all of P(N). So

by our theorem F’ & K. O

3.4. Generalizing confluence. Let F(®, ) be a modal language with index set I. Let
n < w be a finite ordinal and ¢ : n — U a finite sequence og, 01, ...,0,_1 drawn from our

index set I. We will write w &> v to mean

Similarly, we write [, to mean

OooUoy -+ - Oo 10
Lemma 3.17. w IF U, of and only if for all v with w ELA v, vk .
Proof.

wlFOy,p <= wli-0,,0,, ...0y, ¢
> (Vr1 € Ryy(w))(Vae € Ry, (21)) ... (Y2, € Ry, (Tp_1))zn IF @

— (Wwe R, (wlkgp

Lemma 3.18. w I- Q, ¢ if and only if there is some v with w Boy v such that v I ©.

Proof. Same as previous. ([l
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Definition 3.19. A frame has the general confluence property if and only if for any finite

sequences 0;,0;, 0y and o; drawn from I if there is a wedge

b
o
a
N
c
there exists a d € W such that
b
Yj
d
Az
c
Theorem 3.20. The following are equivalent:
(1) F Ik O0,00,p — Oy, Oy
(2) F Ik 0000 — O, 0oy
(3) F has the general confluence property.
Proof. The proof is basically the same as the previous confluence proof. OJ

4. COMPLETENESS

4.1. Basic soundness and completeness results. In non-modal logic, we start with two
notions of consequence:

(1) We say that I' - ¢ if there is a syntactic proof of ¢ from the set I' of sentences.

(2) We say that I' E ¢ if every structure which makes I' true also makes ¢ true.

We observe the following:

Theorem 4.1 (Completeness). I' - ¢ if and only if I' F ¢.
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Proof sketch. To show the left to right direction is just a matter of showing that the axioms
are true in every structure and that the inference rules preserve truths in a structure. Going

in the other direction, suppose that I' F ¢ 0

The goal of this section is to set up notions of proof and consequence for modal logic, and

see to what extant they coincide.

Definition 4.2. A formula ¢ is a consequence of a set of formulas ' if and only if for any

model M, M IF T implies M I ¢.

In this section we will show that this notion of consequence can be captured syntactically.

To start our discussion we’ll look at the class of normal modal logics.

Definition 4.3. A normal modal logic is a set L of formulas that contains
e All propositional tautologies;
e U(p—¢) = (Op— g

and s closed under

e Modus ponens: ¢ — 1, € L implies ¢ € L;
o Necessitation: ¢ € L implies Uy € L.

o Substitution: ¢ € L implies ©* € L, where ©* is a substitution instance of ¢.

Let L be a normal modal logic. We write - ¢ if o € L and I/ ¢ if ¢ € L. In this case we

say that ¢ is a theorem of L, or an L-theorem.

Definition 4.4. Let L be a normal modal logic. We say that ¢ is deducible from I' in L,

I'Fp @ of there are ¢y, ..., p, € I' such that

Fo (i A Agn) =@

Remark 4.5. Let L and S be normal modal logics with S C L. Suppose that I' C I”. Then

I'tFs @ implies TV Fp .
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Lemma 4.6. Let S be a normal modal logic and ¢ and ¢ formulas. Then g ¢ — ¥ only

if Fg Up — L.
Proof.
Fso =9 Assumption
Fs O(e — 1) by necessitation
Fs O(p — ¥) — (Op — Oy) by K and substitution
Fs Lo — Uy by MP

Corollary 4.7. Let S be a normal modal logic. Then

(1) Fs @ <> 1 only if s Op > O
(2) Bs o <1 only if bg Op <> O1).

Definition 4.8. Let S and T' be normal modal logics. We say that T extends S, or that S

refines T, written S < T, if for all p, g ¢ implies b7 .

Remark 4.9. The relation < partially orders the set of all normal modal logics. Let K be the
logic that results from closing the set of propositional tautologies and J(p — q) — (Op — Oq)
under modus ponens, necessitation and substitution. Obviously K C L for any modal logic.
Moreover the set of all formulas is also normal and contains every normal modal logic. Thus

the partial order is bounded.

Definition 4.10. Let S be a normal modal logic and I" a set of formulas. We say that T' is

S-consistent of [' g L. We say that I" is maximally S-consistent if

(1) T' is S-consistent and

(2) for any formula @, either ¢ €T or ~p € T'

Lemma 4.11. Let S be a normal modal logic and let I' be S-consistent. Then for any

formula ¢ either I'U{¢} or I'U {—p} is S-consistent.
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Proof. For the sake of contradiction suppose not. Then both 'U{p} g L and 'U{—p} g L.

This implies that there are ¢q,...,¢, € [' and ¥y, ...,9,, € ' such that
Fs (@i A ANpp) A — Land Fg (1 A Ahy) A= — L
The by basic propositional logic we have
Fs (L A Apn ApL A Adp) — L

Thus T is S-consistent. 0

Lemma 4.12. Let S be a normal modal logic and let T' be S-consistent. Then there exists

[V DT such that I is mazximally S-consistent.

Proof. Let ¢1,ps,... be a list of all formulas in our language. Applying the last lemma

repeatedly we construct a sequence I' =1'g C I'y C ... such that

(1) Each I'; is S-consistent, and
(2) For each 7, ; or =p; is in I';.

Then we let IV = J, I';.
Claim 4.13. I is maximally S-consistent.

Proof. Maximality follows from construction. To show S-consistency assume that IV Fg L.
Then there exists @1, ..., @, € IV such that Fg 1 A+ Ap, — L. Then there is some 7 such

that ¢1,...,¢, € I';. This contradicts the fact that I['; is S-consistent. O

O
Definition 4.14. Let S be a normal modal logic. The canonical frame for S is a frame
S=(S,R)

where S is the set of all mazximally S-consistent sets of formulas and X LN e if and only

if for any formula @, if ;0 € X then p € Y.
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The canonical model for S is the model obtained by equipping S with the valuation V' that

maps each variable p to the set of maximally S-consistent sets containing p. That is
Vip) ={X eS[pe X}

Lemma 4.15. Let X be maximally S-consistent. Then
(1) TeX, LeX
(2) ~p € X if and only if o & X
(3) (p A) € X if and only if p € X and ¢ € X
(4) (¢ V) € X if and only if p € X orp € X
(5) (p =) € X if and only if o ¢ X orp € X

Proof. (1) ks =T which implies =T ¢ X by S-consistency. So T € X by maximality.
Similarly, L ¢ X by S-consistency.
(2) If =p € X then ¢ € X by S-consistency. If =p ¢ X then ¢ € X by maximality.
(3) Suppose that ¢ A € X. If either ¢ or ¥ is not in X then their negations in X by
maximality. This contradicts consistency. Similarly if both ¢ and ¢ are in X then
by consistency —(¢ A1) is not in X and so by maximality ¢ A is in X.

(4) and (5) follow in a similar manner to (3). O

Lemma 4.16. I' g ¢ if and only if, for every mazimally S-consistent set X, if I' C X then
p e X.

Proof. Suppose that I' Fg ¢ and I' C X for X maximally S-consistent. Then there are
©1,...,%n € ' such that Fg o1 A -+ A, = @. Now since ¢1,...,¢0, €1, p1,...,0, € X,
since X DO I'. By our last lemma ¢; A --- A, € X. Since X is maximally S-consistent,
peX.

Conversely, suppose that for all X € S, T' C X only if ¢ € X. Then there is no X € S
with ['U {—¢} C X. So I' U {—¢} is not S-consistent. Thus I" kg . O
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Lemma 4.17. Let S = (5', R) be the canonical frame for S and let X € S. Then for any
formula ¢, Op € X if and only if for all Y € S such that X - Y, peY.

Proof. The left-to-right direction follows immediately from the definition of R. To show the
other direction suppose that for all for all Y € S such that X -5 Y,peV. Let N ={¢ |
Oy € X}. Then for any YV € S, if N CY then X LY. So by our assumption, ¢ € Y. By
our last lemma N g . So we can find ¢q,...,¢, € N such that Fg o1 A--- Ay, — p. By
a previous lemma - O(¢p1 A+ A, — Op). Thus F Opy A--- AOp, — Op. Thus X g Op

and further Oy € X since X is maximally S-consistent. U

Theorem 4.18. Let (S’, V') be the canonical model for S. Then for any X € S and formula

2
XlFp <= pe X

Proof. We proceed by formula induction. By a previous lemma, if X IF T then T € X and
if X I¥ 1 then L ¢ X. This takes care of the constants.
For the propositional variables we have
XlFp <= ze€V(p)
— pe X
The first equivalence is by definition of I and the second by definition of V.
Now suppose it holds for ¢ and . Then
XlFp—=1Y < XlFpor XIFy
— pégXorypeX
= (p—=Y)eX

The first equivalence is by definition of I, the second is by induction, and the third is by

maximal S-consistency.
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Finally suppose it holds for ¢.

XIFOp <= VW <X XIFop
— VW <XpeY

— LpeY

The first is by definition, second by induction, and third by our previous lemma. 0
Corollary 4.19. Let (S, V) be the canonical model for S. Then (S,V) I S.

Proof. Let X € S be arbitrary. By our previous lemma X I+ S if and only if S C X. And

since X is maximally S-consistent, S C X. O
Corollary 4.20. (S, V) I ¢ if and only if Fg .
Proof.
SV)IFp <= VXS5, XIFg
— VX eS peX

— OFgop

<:>|_S(p

Theorem 4.21. Let S be a normal modal logic. Then the following are equivalent.
(1) (S, V) IF ¢
(2) Fs o
(3) SE

Proof. (1) implies (2) by the last corollary. (2) implies (3) by soundness. And (3) implies

(1) by a previous corollary. O

24



It may be good to state this in English so it sticks in your mind. How should we think
of the canonical model for a normal modal logic S? Well it is that model such that the

formulas true on it are precisely the theorems of S.

Corollary 4.22. Let S be a normal modal logic and I a collection of formulas. Let
"={0¢|pel}

where "¢ is the result of prefizing any number of ’s to ¢. Define a model Sr be letting
Sp = {X € S | ' C X'} and defining R and V' as in the canonical model. Then the following

are equivalent:
(1) (Sr, V) IF .
(2) TEse.
(3) T Eg ¢.

Proof. Follows exactly as before. O

The (Sp, V) is thus that model that makes true precisely those formulas that are S-

deducible from I'. Note in particular that we have
Theorem 4.23 (Completeness). I' Fg ¢ if and only if I' Eg ¢

4.2. Kripke completeness. The last section showed that the consequences of a theory in
a normal modal logic can be captured syntactically. But there is another more interesting
sense of completeness that we can study in modal logic. Let S be a normal modal logic. We
will write Mod(S) for the class of all frames F on which every member of S is valid. For
a class of K of frames, we write Log(K) for the set of all formulas valid on every frame in
K. Now for a given logic S and class of frames K, we say that S is sound with respect to
K if and only if S C Log(K). We say that S is complete with respect to K if Log(K) C S.
Finally, we say that S is Kripke complete if and only if S = Log(Mod(S)), i.e. if S is sound

and complete with respect to the class of all of its models.
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Our motivating question: which normal modal logics are Kripke complete? Note that
S is Kripke complete if and only if it is sound and complete with respect to some class
of frames. If S is Kripke complete, then obviously it is sound and complete with respect
to Mod(S). Suppose that S is sound and complete with respect to K. Then we have
K € Mod(S) and so Log(Mod(S) C Log(K). So since Log(K) C S by assumption, it follows
that Log(Mod(S) C S. Trivially S C Log(Mod(S)) and so S is Kripke complete just in case
it is sound and complete with respect to some class of frames.

We can easily prove a sufficient condition on Kripke completeness that will guide our study

into this question in what follows.

Definition 4.24 (Canonicity). A normal modal logic is canonical if it is valid on its canon-

ical frame.

Recall that each normal modal logic is true on its canonical model. Being canonical is a
much stronger property: it must be true not only on its canonical model, but true on any

model based on its canonical frame.

Theorem 4.25. Let S be canonical and let (S‘, V') be its canonical model. Then the following
are equivalent:

(1) SIF .

(2) (S, V) IF ¢.

(3) ks ¢.

(4) Es .

(5) ¢ € Log(Mod(S)).

Proof. The implication from (1) to (2) follows by definition. The implication from (2) to (3)
and from (3) to (4) follow by the previous theorem and soundness. The implication from (4)
to (5) follows by definition. Finally to complete the circle, the implication from (5) to (1)

follows from the assumption that S is canonical. O

Corollary 4.26. Let S be canonical. Then S is Kripke complete.
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4.3. Canonical modal logics. If a normal modal logic is canonical, it is Kripke complete.
But which normal modal logics are canonical? The goal of this section is to explore that
question. Our first method at exploring it will be to use correspondence theory. Note first
that the basic modal logic K is canonical trivially since it is valid on every frame. To show
that, for instance T, the normal modal logic axiomatized by [Ip — p, is canonical, it suffices

to show that the accessibility relation in 7’s canonical frame is reflexive. Let’s start there.
Proposition 4.27. Let S be axiomatized by Up — p. Then Sl Cp — p.

Proof. By correspondence theory it suffices to show that the accessibility relation R is re-
flexive on S. So let X € S be arbitrary and suppose that [y € X for an arbitrary formula
. By assumption [p — p € S and S is closed under substitution. So Uy — ¢ € S. Now
since X is maximally S-consistent, S C X. So Up — ¢ € X. By maximal S-consistency,

@ € X. Therefore, by the definition of R, X EiNS'S U
Proposition 4.28. Let S be aziomatized by p — OOp. Then S IF p — OOp.

Proof. By correspondence theory it suffices to show that R is symmetric on S. So suppose
that X — Y and O € Y. Then by an old lemma ¢lp € X. We know that p — O0p € X.
So by maximal S-consistency, 0Ly — ¢ € X. So by maximal S-consistency ¢ € X.

Therefore Y —% X and so R is symmetric. U
Proposition 4.29. Let S be aziomatized by Op — O0p. Then S I+ Op — O0p.

Proof. By correspondence theory, it suffices to show that R is transitive. Suppose that

x Ly oz

and let Ly € X. Then, since Uy — OOy € X, we have Oy € X. So since X N Y,
e € Y. And since YV LN Z,pe Z. Thus X A 7 and so R is transitive. U

Corollary 4.30. The following are canonical (and thus Kripke complete): K, KT, K4, K5,54,55, KB.
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To get a more general result, we’ll now show that any logic that is axiomatized by the

confluence axioms is canonical and so Kripke complete.

Lemma 4.31. Let S be a normal modal logic and X,Y € S. Let o be a sequence of labels.

Suppose that for any ¢, Oyp € X implies ¢ € Y. Then there exists as sequence
X=X-5X %, X, =Y

Proof. Suppose not. Let o be the shortest sequence of labels for which the result fails.

CASE 1: o has length 0. Then ¢ € X implies ¢ € Y. So X =Y since X and Y are maximal.

CASE 2: : ¢ has length n 4+ 1 for some n. Let 7 =0 \ i,,1. Let

F={p|Ope X}U{0i,0|lpeY}

We want to show that I' is S-consistent so that we can use a previous lemma to

extend to a maximally S-consistent set.
Claim 4.32. T" is mazimally S-consistent.

Proof of claim. By way of contradiction suppose that I' is not S-consistent. Then

there exists ¢1,...,¢, € X and O;,,,¢¥1,...,Q4,,,%¥m € Y such that

Fs (@1 A Ao AQiy Wi A= Ay, thm) — L
g l_s ((101 JARERA 9071) - _'(<>in+1w1 JAREEIAN <>zn+1¢m))
= s (1 A Apy) = O =(h A Aty
:>|_S DT(901/\"'/\§071) %Daﬁ(qﬁlA"'/\wm)
(The last implication follows from a repeated application of a previous lemma (es-

sentially it follows from repeated application of necessitation, modus ponens and the

K axiom.)
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Note that for each ¢;, O,¢; € X. Since X is maximally S-consistent, (@1 A« -+ A
¢n) € X, which implies that J,—(¢1 A~ - -Aty,) € X. So we have =(Y1 A+ -Athy,) €Y,
which contradicts the fact that ¢; € Y 0

So let X’ be a maximally S-consistent set extending I', which we know to exist by
the a previous result. Recall that our assumption is that o has lenght n+ 1 and that,
moreover, o is the shortest sequence for which our result fails. By construction, if
O, € X, then ¢ € X'. Since o was the shortest sequence for which the result fails,
we thus have

X=X, . X, =X

Furthermore, again by construction, we have that ¢ € Y only if ¢, ., € X'. Thus
by the definition of the accessibility relation in the canonical frame for S, X’ iy

This is a contradiction.

0

Theorem 4.33. Let o, 7, and B be sequences of labels and suppose that O,0,p — U, Opp €
S. Then S IF Oo0p — 0uOpp
Proof. By correspondence theory, it suffices to show that for any wedge

X

w

>
N

Y

There exists some Z € S such that

X

\IZ
A

Y
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Let '={p |0, e X} U{y | Os Y}
Claim 4.34. I' is S-consistent.

Proof of clatm. Suppose not. Then there are .1, ..., ¢, € X and Ogtpy, ..., g, €Y

such that

Fs (i A A@p Ay A Ap,) — L

= Fs (1 A ANpp) = (V1 A ANby)

— FsO(1 A Ay) = (1 A - Adhy)

Since O, 1, ..., 0., € X it follows from maximal consistency that [, (o1 A+ Ap,) € X.
Thus O, ~(¢Y1 A -+~ Athy,) € X. Since W - X, 0,00 =(1 A -+ Atby,) € W. By maximal
S-consistency, 0,05=(11 A+ -~ Ay,) € W. Finally, since W —= Y, Og=(1 A+ Ath,) €Y,
contradicting the fact that ¢zt € Y for each 1 <i < m. OJ

Since I' is S-consistent, we can extend it to a maximally S-consistent set Z. By construc-

tion of T" we then have X — Z and Y i> Z. O

Corollary 4.35. Let S be axiomatized by confluence axioms. Then S is canonical and so

Kripke complete.

This finishes, at least for the time being, our discussion of completeness. We introduced a
general sufficient condition on being Kripke complete, and proved a variety of normal modal
logics were Kripke complete via that sufficient condition. Going forward, we are going to
start introducing various types of maps between frames and models using these to prove

some general results about them.

5. FILTRATIONS AND BOUNDED MORPHISMS

At this point we have introduce frames and models and proved some results about the

relationship between normal modal logics and these objects. In mathematics, objects are
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not normally studied in isolation, however. Rather, we study both those objects and various
mappings between them. In this section, we’ll introduce what some of these mappings are.
For the time being our interests will remain more model theoretic. Perhaps later we will

shift to a more algebraic or category theoretic view on modal logic.
Definition 5.1. Let F = (W, R) and H = (W', R') be frames. A morphism
f:F—=H
is a function f: W — W' that is such that
w -y = f(w) i%f(v)
If M= (F,V) and N = (H,V’) are models a morphism
fM—=>N
1s @ morphism [ : F — H with the property that
weV(p) = flw) €V'(p)
Definition 5.2. Let F and H be frames. A bounded morphism
f:F—=H
is @ morphism from F to H that is such that, if
f(w) LN
then there exists w' € W such that

w 2w and f(w') =wv
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A bounded morphism f : M — N between models is a morphism from M to N that is

also a bounded morphism between their underlying frames.

Remark 5.3. Let f: F — H be a morphism. For each accesibility relation relation R;, let
Ri(w) ={v | Rywv}. For each X C W let f(X)={w € W' | f(w) =w" for some w € W}.
Then f is bounded if and only if

Ri(f(w)) € f(Ri(w))
Morever by the definition of morphism, we have
f(Ri(w)) € (Ri(f(w)))

Thus with bounded morphisms we have

Theorem 5.4. Let f: M — N be a bounded morphism. Then for all w € W
wlkp <= f(w)lFg
Proof. It w IF T then f(w) IF T. Also, if w I L then w I L. For the propositional variables

wlkp <= weV(p)
= f(w) e V'(p)

— f(w)lFp
For the conditional we have

wlFke =Y <= wlf porwl-y
= fw)lf gor f(w)lv

= f(w)lFp =1
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Suppose that w IF O;p and let v € R}(f(w)). Then v € f(R(w)). Let w' € R(w) be such
that f(w’) = v. Then since w IF O;p, w' Ik ¢. By the induction hypothesis, v IF ¢. Since
v € R}(f(w)) was chosen arbitrarily, f(w) IF 0.

Conversely, suppose that f(w) IF ;¢ and let w’ € R;(w). Then since f is a morphism,
f(w") € R(f(w)). Thus f(w’) IF ¢. By the induction hypothesis, w’ I+ . Since w' was

arbitrary, w I- L. 0

Corollary 5.5. Let f: M — N be a surjective bounded morphism. Then

MIFp < NIk

Corollary 5.6. Let f : F — H be bounded morphism between frames. Then if f is surjective,
FIF @ only if HIF .

Proof. Suppose that F Ik ¢. Let N be an arbitrary model based on H. Define a valuation
V on F by w € V(p) if and only if M, f(w) IF p. Then where M = (F,V), the map
f: M — N is a bounded morphism. Since F IF ¢, M I ¢. By our last corollary
NI . O

5.1. Anti-correspondence results? Suppose you wanted to show that a given structural
condition was not captured by any modal formula. Here is one way to do that. Find a
frame F that has that structural condition. Then construct a surjetive, bounded morphism
f:+F — H to a frame H that lacks that condition. By our last corollary, F IF ¢ only if

H IF . Thus no formula captures the structural condition in question.

Example 5.7. Let F = (W, R) be the frame defined by
o W =1{0,1}
o R={(0,1),(1,0)}
Let H = ({*x},{(x, %)} be the smallest reflexive frame. Let f : W — {x} be a function.
Then f : F — H is a bounded, surjective morphism. Obuviously f is a surjective map. Since

* sees , for allw,v € W, if Rwv then f(w) sees f(v), since f(w) = f(v) =*. Now suppose
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that f(w) sees v in H. We have two cases. First w = 0. Then then since 0 sees 1 and
f(1) = % = v we are done. Otherwise w = 1. Since 1 sees 0 and f(0) = * = v, we are done.

So f s a surjective, bounded morphism. By our last corollary, F I+ ¢ only of H |- ¢. But
notice that F is anti-reflexive and H is reflexive, and so not anti-reflexive. The result is that

no modal formula defines the class of anti-reflexive frames.
5.2. Filtration.

Definition 5.8. A set I is closed under subformulas if for all formulas ¢ and 1
(i) ~p el onlyif peT
(i) (p =) €T onlyif p €T andp € T.
(i) O;p € T only if p € T
Definition 5.9. Let I" be a set of formulas closed under subformulas. A T'-filtration between

(F,V) and (H,V') is a surjective morphism
fF—=H

such that
(i)) V= foV
(i) If Op € T and f(v) € R(f(w)) then w IF Oy only if v IF .

Proposition 5.10. Let f : M — N be bounded surjective morphism. Then f is a T-filtration

for any set I of formulas closed under subformulas.

Proof. Trivially f is a surjective morphism such that V' = f o V. So suppose that f(v) €
R'(f(w)) and w I Oy. By our theorem for surjective bounded morphisms between models
it follows that f(w) IF Op. This implies that f(v) IF ¢. Hence v I- ¢ since f is a surjective

bounded morphism. 0

Theorem 5.11. Let [ : M — N be a T-filtration. Then for every ¢ € T,

wlk @ <= f(w)lF e
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Proof. The proof is by induction. We will only show the O step. Let w I- ¢ and let v € Rf(w)
be arbitrary. Since f is surjective, there is some w’ € W such that f(w’) = v. By condition
(ii) of I'-filtration, w’ IF ¢. By induction, f(w) = v IF ¢. Since v was arbitrary, f(w) IF Oep.
Conversely, suppose that f(w) IF Op and let v € R(w). Thus f(v) € Rf(w). Thus f(v) IF ¢.

But induction, v IF ¢. Since v was arbitrary, w IF Ue. 0J

Example 5.12 (Left-filtration). Let M = (W, R,V) be a model and I' a set of formulas
closed under subformulas. Define an equivalence relation ~ on W by w ~ v if w and v
agree on I' in M (i.e. w Ik ¢ iff v Ik @ for all p € T'). We define the left I'-filtration
"M=MW,"R,'V) of M as follows:

o "W =W/~={[w] | we W} (where [w] = {v €W |w~ v}.

o [w] By [v] if and only if there exist w' € [w] and V' € [v] such that w' Lo

o [w] € "V (p) if and only if some w' € [w] is such that w € V(p)
Theorem 5.13. For any model M and subformula closed set I, the canonical map
[=ww— [w]: M ="M
1s a '-filtration.

Proof. (1) Clearly, [-] is surjective (since the projection maps onto quotient spaces are
always surjective). If w sees v in M. Then [w] sees [v] in "M since w € [w] and
v € [v].
(2) For the valuation, let p € I'. If w € V(p) then [w] € "V (p) by definition. Suppose
that [w] € "V(p). Then there exists w' € [w] such that w' € V(p). Since p € T,
w' |- p if and only if w IF p. So w € V(p).
(3) Let Op € I'. Let w,v € W be such that [w] sees [v]. Suppose that that w IF Oep.

Then since [w] sees [v], there exists w’ € [w] and v € [v] such that w’ sees v'. Then
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we have

wlkOp = W' IFOp since w ~ w'’
= V' Ik since w'’ sees v’
= vl since v’ ~ v

O

Example 5.14 (Right-filtration). Let M = (W,V, R) be a model and I" a set of formulas
closed under subformulas. We define the right I-filtration MY = (WT RV, V1) of M as

follows

o WH=W/~
I
o [w] — [v] if and only if for all Op € T, w' € [w] and v' € [v], if w' I+ Oy then
v F .

o [w] € VI (p) if and only if w' € V(p), for all w' € [w].

Theorem 5.15. For any model M and subformula closed set T, the canonical map
[]: M — M
1s a I'-filtration.

Proof. (1) [-] is trivially a surjection. To show that it is a morphism, let w see v. Let
Op € T, w' € [w] and v' € [v] and suppose that w' I Op. Then since w ~ w',
w IF Og. Since w sees v, v Ik ¢. Finally since v ~ v/, v IF .
(2) By definition [w] € VT (p) only if w € V(p). Conversely suppose that w € V(p) and
let w’ € [w] be arbitrary. Since p € I' and w ~ w’ w' I p and so w' € V(p). Since v’
was arbitrary, [w] € VT (p).
(3) Let Jp € I'. Let w,v € W be such that [w] sees [v]. The definition of the accessibility

relation in M! then ensures that w IF Oy only if w’ IF .
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Definition 5.16. Let M = (W, R, V) and N = (W, R, V') be two models with the same
underlying set of worlds W. We write M < N if and only if

(1) R(w,v) implies R (w,v).
(2) w e V(p) implies w € V'(p), forp e

Theorem 5.17. Let M = (W, R, V) be a model and T' a subformula closed set. Let N' =

(W/ ~, R, V') be any model whose underlying domain is W/ ~. Then the canonical map
[]: M —=>N
1s a U-filtration if and only if
"TM< N < M

Proof. Suppose first that [] is a T filtration.

(1) Let Op € I'. Then

'p. )
W] —5 o] = (3w € [w])(3 € P)w 25 v by the definition of "R;

= [w] — [v] since [-] : M — N is a morphism

= (Vu' € [w])(Vo' € [v])(w' IFOp = v' Ik ) since f is a filtration

RY

(3

= [w] — [v] by the definition of R"

(2) Let p € I'. Then

be'V(p) = (T € [w)w' € V(p) by definition of 'V
= [w] € V'(p) since [-] is a filtration
= (Vo' € [w])w' € V(p) since p € I’

= [w] € V' (p)

Conversely suppose that "M <p N <p MT.
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(1) Clearly [-] is surjective. Suppose that w sees v in M. Then [w] sees [v] in "M by the
definition of left filtration. So [w] sees [v] in N since "M <p N.

(2) Suppose that w € V(p). Then

we V(p) = [w] € V(p) by the left filtration
= [w] € V'(p) by <r
— [w] € VI (p) by <r
= w € V(p)

So w € V(p) iff [w] € V'(p).
(3) Suppose that [w] sees [v] and let O € T" be such that w I Og. Since [w] sees [v] in
N, [w] sees [v] in M. So by definition of accesibility in M, v I .

O

Definition 5.18. Let M = (W, R, V') be a model. We say that M is separated if and only

if whenever w # v, there is some ¢ such that w Ik ¢ and w' I .

Example 5.19. For any normal modal logic S, (S’, V') is separated. In addition whenever

f: M — N is a normal T-filtration, N is separated.

6. FINITE MODEL PROPERTY

Let Fin(S) be the class of all finite frames on which S is valid.

Definition 6.1. Let S be a normal modal logic. We say that S has the finite model property
if and only if S = Log(Fin(S)).

Like canonicity, having the finite model property is a sufficient condition on being Kripke

complete.

Theorem 6.2. If S has the finite model property, then S is Kripke complete.
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Proof. 1t suffices to show that Log(Mod(S)) C S. But clearly Log(Mod(S)) C Log(Fin(5))

and so this follows immediately from the assumption that S has the finite model property. [

Our immediate goal will be to show that all of the standard systems have the finite model
property. Note that this shows that to a certain extent the expressive power of the modal
language is somewhat limited: we cannot write anything down that, in the standard systems,

would be true on all and only infinite models satisfying those systems.
Proposition 6.3. The trivial system K has the finite model property.

Proof. 1t suffices to show that if I/ ¢ then there is some finite frame F such that mathcal F' If*
©. So suppose that I/ ¢. Since K is Kripke complete, there is some frame F = (W, R) such
that F If ¢. So for some model M = (W, R, V) and world w € W, M,w | ¢. Let I' be
the collection of all subformulas of ¢ and let f : M — N be any normal filtration. By the
filtration lemma, N, f(w) Iff . Thus ¢ is not valid on the underlying frame of N'. Moreover,

since I' was finite, N is also finite and so we are done. O

Proposition 6.4. Let f: M — N be a surjective morphism.

(i) If M is serial, then N is serial.
(i1) If M is reflexive, then N is reflezive.

Proof. Suppose that M is serial and let f(w) € M. Then w sees some v € M. Hence f(w)
sees f(v). Since f is surjective it follows that A is serial.
Suppose that M is reflexive and let f(w) € M. Then w sees w and so f(w) sees f(w).

Since f is surjective it follows that N is serial. O
Corollary 6.5. KD and KT have the finite model property.

Proposition 6.6. Let M be a model. Then M is symmetric only if "M is, for any subfor-

mula closed set T’
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Proof. Suppose that [w] sees [v]. Then for some w' € [w] and v" € [v], w’ sees v'. Since M is
symmetric, v" sees w’. Since [-] is a morphism, [v'] sees [w']. Since [w] = [w'] and [v] = [V'],

[v] sees [w]. O
Corollary 6.7. KB,KBD and KTB have the finite model property.

Definition 6.8 (Lemmon Filtration). Let M = (W, R, V) be a transitive model and T a
subformula closed set of formulas. We define [ M = (W/ ~p, R, V') to be the structure

o [w] — [v] if and only if for all Op € ', and all w'" € [w] and v' € [v]
w'lFOp = o' IFeAQp
o [w] € V'(p) if and only if there exists w' € [w] such that w' € V(p)

Lemma 6.9. The canonical map
[]: M = IM

is a filtration. Moreover, if M is transitive, so is } M.

Proof. (1) Clearly [-] is surjective. To show that [-] is a morphism, suppose that w see v.

Let p € I', w' € [w] and v" € [v] such that w' I Op. Then

w' - Op = wlkOp
— wlF OOy
= viFpAlp

= v Ik o AOp

Thus [w] sees [v]
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Let p € I'. Then

wlkp <= weV(p)
= [w] € V'(p)

— [w]lFp
Suppose that Oy € I' and let w and v be arbitrary such that [w] sees [v]. Then

wliFOp = viFeAUOp

== vk

Suppose that [z] — [y] — [z]. Let Op € I, 2’ € [z],y € [y, 2’ € [z]. Suppose that =’ IF Dep.

Then
rIF0p = o IFpAQp
= ¢/ IFOp
= 2 IFpAOp
Thus [w] — [z] as desired. O

Corollary 6.10. K4, KD4,KT4 have the finite model property.

Definition 6.11 (B4 Filtration). Let M be a model. We define 5, M so that the worlds are
equivalence classes under agreement on I', the valuation is defined as in the left filtration,
and [w] sees [v] if and only if for all Jp € T, w' € [w] and V' € [v], W' IF Oy only if
v IF o AOgp, and v IF Oy only if w' - o A Q.

Lemma 6.12. The canonical map
[]: M — SM

is a filtration. Moreover, if M is symmetric and transitive, so is g3M.
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Proof. Exercise O

Corollary 6.13. Let S be axiomatized by some combination of K,D, T,B4. Then S has the

finite model property.
Corollary 6.14. S5 has the finite model property since S5 = KTB4

Definition 6.15 (45 filtration). Let M be a model and T a subformula closed set of formulas.

We define a quotient model ;s M by defining accessibility so that [w] sees [v] if and only if
wiFOp = v IFpAQp and w' IFOp < o' IFOp
for all w' € [w], v' € [v] and Op € T.
Lemma 6.16. The canonical map
[]: M = M
is a filtration. Moreover, if M is transitive and euclidean, so is g M.
Proof. Exercise O
Corollary 6.17. K,KD45 have the finite model property.
Definition 6.18 (5 filtration).

Corollary 6.19. K5 and KD5 have the finite model property.

7. THE FINITE MODEL PROPERTY WITHOUT CANONICITY

This section will be concerned with a particular modal logic: Godel-Lob logic. This modal
logic is given by
GL=K+OOp —p) — Op
Here the axiom O(Cp — p) — Op is usually called L. The logic GL will turn out to have the

finite model property, and so be Kripke-complete. But it is not canonical, as we will show
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momentarily. Earlier, we showed that L(p) is valid on a frame (W, R) if and only if R is
transitive and well founded. If we already had shown that it was Kripke complete, we could
then immediately conclude that GL = KL4 from correspondence theory. Since we haven’t

we’ll prove this syntactically:
Lemma 7.1. ¢ Up — OCp

Proof.

Foo O(pAOp) — Op AOOp

Foo O(p AOp) — Op and gL O(p A Op) — O0p T

FeLp — (O(p A Op) — pAOp)

Fe Op — O(0(p ADp) — p ADp)

Feo Op — O(p AOp) using L

oL Op — OOp by

O

Let G be the canonical model for GL. Let v be some element not in G and define G [v] to
be the structure that results from adding v to G and extending the definition of accessibility

so that v sees every element of G while leaving everything else in place.
Claim 7.2. Foradllw e G, G,w - ¢ iﬁé[v],w IF

Proof. Note that this valuation is defined the same in both structures, the variables and
truth functional operations are trivial. For the necessity operator, we have that for w € G

w sees the same things in both G and (j[v] O
Claim 7.3. G[v],v IF Oy if and only if G I+ ¢.

Proof. Since v sees every world in G this follows immediately. 0J
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Claim 7.4. G[v] IF GL

Proof. By previous claims, we need only check that it holds at v. So suppose that v IF
O(O¢ — ¢). Then
vIFOOp = ¢) = GIFOp — ¢
= GIF00p = o)
— G IOy
— Gl

= vlIFOp

Lemma 7.5. Fg. Upy V --- VU, only if FgL @i for at least one i.

Proof. Suppose that Fg. Uy V- - -V p,. Then by the above claim we have

~

Gl IFOpy V- vVOp, = vlIFOp; V- Ve,
= Jwv IF Oy
— Gy

= kgL @i

Lemma 7.6. There is a world X € Q that sees every other world in Q
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Proof. Let T' = {=0¢ |/cL ¢}. We want to show that I' is consistent. For the sake of

contradiction, suppose not. Then there exists =Ly, ..., =y, € I" such that

l_GLﬁDgﬁl/\"'/\_'DQOn—}L
:"GLD901\/"'\/|:|(,07L

= i l_GL ©;

That’s a contradiction. So I' is consistent. Thus there is some maximally consistent X & G

such that I' C X. So

HoLp = -Opel

— -Op e X$ — Op ¢ X
Contraposing:
OpeX —tgo = peY VW eg
By the definition of accessibility in G, X sees every Y. OJ

Theorem 7.7. GL s not canonical.

Proof. Let X sees every Y € G. Then X sees X and so G is not well-founded. By correspon-
dence theory, G Iff GL. O

Sp GL is not well founded. Is it Kripke complete? We can show the affirmative by checking

our other sufficient condition on Kripke completeness: the finite model property.

Definition 7.8. Let I1 = (W, R) be a frame. We say that 11 is a finite rooted tree if
(i) 11 is finite;
(ii) R is transitive and irrreflexive;
(i1i) If R(x,z) and R(y, z) then either R(x,y), v =y or R(y,x)

(iv) There is a root, i.e. an element x such that if y # x, then R(z,y).
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Remark 7.9. let F be a finite rooted tree. Then F is well-founded. So by correspondence
theory F I+ GL.

Let I be the class of all finite rooted trees. Since F I GL we know that GL C Log(F). To
show the finite model property, we must go in the other direction and show Log(FF) C GL.
We will prove this contrapositively: we will show that if /g ¢, then there exists I € F such
that IT I .

So let ¢ be a formula such that FgL .
Lemma 7.10. There is an element € G such that x |+ = A Oep.

Proof. For the sake of contradiction, suppose not. Then

GIFOp —
— Qll—D(Dcp—)cp)
— GOy

— Gl —FaLy

This contradicts our assumption that gL ¢. 0

Let I’ be the set of subformulas of . Say that a world y € G is relevant if y IF —p A Ot

for some ¢ € I'. Say that a chain zy,...,z, is acceptable if each term z; is acceptable.

Lemma 7.11. Let & be an acceptable chain. Then the length of T is less than or equal to

the cardinality of T'.

Proof. Let 1y, ... 1, witness the relevance of z (i.e. z; IF —¢; A Ov;). Suppose for the
sake of contradiction that the length of Z is greater than that of I'. Then for some i and
J, ¥ = ;. Since G is transitive, either x; sees x; or else x; sees x;. Either way we get a

contradiction. O

Let x € G be a selected world with the property that Q, x IF = A Op. We are going to

construct a frame by taking certain extensions of x, and extensions of those extensions, as
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our worlds. At the first stage, we search through the subformulas of ¢ for a formula ¢ with
x |k =01, Let X be the set of all such pairs. For any pair (Z,1), we then search through
the set of all y € R(Z) with y IF =9 A Oy. We select on such y and add the sequence Zy to
our frame. At the next stage, we repeat this process but now with y in place of . Thus we
search through subformulas ' such that y IF =0v¢’. We then add zyy’ for v € R(y) such
that ' IF =’ A’ If no such ¢y’ can be found, we stop.

Here is a more formal description of the procedure.

(1) Let B = {x}, the singleton of our selected element.

(2) Let X,, = {(z,¥) | z IF O, f(Z) € Bp,v € I'} and for each pair (z,v) let h(Z,1))
be a y € R(x,) with y IF =) A0 if there is such a y; otherwise h(Z,1)) is the empty
sequence (). Then B, = {Zh(z,¥) | (z,¢) € X,.}.

(3) Finally let
T

B=|JB
=1

Let B = (B, <) be a frame such that £ < y if Z is a property initial segment of .
Lemma 7.12. B is a finite rooted tree such that every world is an acceptable chain.

Proof. B is clearly finite and the relation of being a proper initial segment of is clearly
transitive and irreflexive. Moreover if s and r are proper initial segments of ¢, then either s
is r, or one is a proper initial segment of the other. Finally x is the unique root of the tree: if
the construction terminates at Bj is satisfies this property vacuously. If it continues, clearly
by construction x is an initialy segment of everything that follows and nothign that follows
is an initial segment of x. By induction, each s € B is is acceptable. For if s is acceptable

and y IF = A Oy for some ¢ € T, then sy is acceptable. O

Lemma 7.13. Let (G, V) be the canonical model and define a model (B,V') such that & €
V'(p) if and only if x,, € V(p) for p e I'. Then

(BVNZ ko < (G, V), 2z, IF ¢
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for o €' and = € B.

Proof. By induction. Mostly trivial until [J. Suppose that z IF Oy and x, IF -Og. Thus
x, IF 0. So there is a y € R(x,) with y IF =¢p A Op. Note that then we have x, IF 0—¢p
and y |- = A Op. Hence by construction zh(z,p) € B with h(z,p) IFHF =¢o A Op. Thus
h(z,¢) IF =¢. Thus by induction zh(Z,v) IF —p. But since z < Zh(z,) and z IF Oy, this
is a contradiction.

Going in the other direction, suppose that =, |- Op. Let ¥ < y be arbitrary. Then
Ym € R(z,), where y,, is the last term of §. So y,,, IF ¢. By induction g IF ¢. Since y was an

arbitrary extension of z, x I+ Ue. O

Corollary 7.14. Suppose that /oL p. Then (B, V' {x}) IF =g, where x is a point in the

canonical model witnessing —p, and the frame B, V' is constructed as above.

Corollary 7.15. GL has the finite model property.

48



	1. Review of Propositional Logic
	1.1. Propositional Languages
	1.2. Valuations
	1.3. Compactness

	2. Modal Logic
	2.1. The modal language
	2.2. Frames, valuations, and satisfaction
	2.3. Structural Characterizations
	2.4. More Satisfaction Relations

	3. Correspondence Theory
	3.1. Some elementary correspondence results
	3.2. First-order definability
	3.3. Non-elementarily definable but modally definable classes of frames
	3.4. Generalizing confluence

	4. Completeness
	4.1. Basic soundness and completeness results
	4.2. Kripke completeness
	4.3. Canonical modal logics

	5. Filtrations and Bounded Morphisms
	5.1. Anti-correspondence results?
	5.2. Filtration

	6. Finite Model Property
	7. The Finite Model Property Without Canonicity

